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ON THE INDIVIDUAL ERGODIC THEOREM
IN F-QUANTUM SPACES

BLAHOSLAY HARMAN, BELOSLAV RIECAN

Inspiring by the Piasecki measure theory [1] and the quantum logic
theory [2], there was proposed in [3], [4] a new model of statistical
quantum mechanics, so-called F-quantum spaces. In [5] and [6] there
were achieved some basic results concerning probability distributions on
F-quantum spaces. Using these results we shall prove in this article the
individual ergodic theorem for F-quantum spaces. Recall that some versions
of the individual ergodic theorem in quantum logics has been proved

in [7] - [9].

Definitions and notation

We shall use a usual notation of the fuzzy set theory. So a subset
M of a non-empty set X is a function U:X-[0, 1]. For two fuzzy
subset u,v of X we put uvv=max (4 v), and for a sequence (u,), of
fuzzy subset of X we define \/u,=sup u,. The complement of fuzzy set
u is the function 1 — u.

By B(R"') or B(R?) we shall denote the o-algebra of Borel subsetof R* or
R?, respectively.

F-quantum space is a couple (X, M), where X is a non-empty set
M c[0, 17* such that the following conditions are satisfied: a) 1, € M; b)
feM=1—feM; ¢ f,eM (n=1.2,..,)=sup f,eM; d) If g(x)=34 for
every x € X, then g ¢ M.

F-state on an F-quantum space (X, M) is a mapping m: M —[0, 1] such
that a) m(fv (1—f))=1"forevery fe M; b)Iffie M(i=12,...)and ;<1 —f
(i#)), then m(\/f)=Y. m(f)). F-observable on an F-quantum space (X, M) is
a mapping x: B(R')— M satisfying the following properties: a) x (4")=1—x(A4)
for every A € B(R'); b) If 4, € B(R"), then x((J4,)=\/x(4,).

If m: M—[0, 1] is an F-state and x: B(R')—M is an F-observable, then we
define m,:B(R')-[0, 1] by the formula m,(E)=m(x(E)). Evidently m is
a probability measure.
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Recall that similarly as in the quantum logic case these definitions are
generalization of some classical ones. Namely, if (, S, P) is a probability space
and £:Q-R is a random variable, then the mapping x: B(R')— S assigning to
every EeB(R') the set £~ !(E) is a c-homomorphism. So substituting S by
M we ohtain the definition of an F-observable.

A representation theorem

In the proof of some variants of the individual ergodic theorem in [7] — [9]
a representation lemma played an important role. A corresponding mo-
dification for F-quantum spaces has been proved in [10].

THEOREM 1. Let y, z: B(R')—M be two F-observables, z(B(R'))cy(B(RY)).
Then there is a Borel measurable mapping T:R!'-R! such that
z(E)=y(T *(E)) for every E € B (RY).

The calculus for observables

Two observables x, y have a joint observable, if there is a o-homomorp-
hism %:B(R?)— M such that x(4 X B)=x(A4) A y(B).

The following theorem has been proved in [6].

THEOREM 2. Two observables x, y have a joint observable if and only if
x(0)=y(Q).

If x, y have a joint observable, then we can define its sum, difference etc.
Put. eg. g(u,v)=u+v, h(u,v)=u—v (u,v € R'). Then g,h:R* - R! are Borel
measurable maps and we define x+y=x°cg~!, x—y=x0h~!. The motivation
is the following. If &, n are two random variables define on a probability space
(Q, S, P), then

E+n=g°T,
where
T=(&,1):Q - R?.
Then
E+n)" (E)=T"" (37 (E)

and x=T"':B(R%* - S is the corresponding o-homomorphism.
Another kind of operation is the multiple of an F-observable. If
x:B(R')—» M is an F-observable and c € R', ¢#0, then cx:B(R')— M is
1 1
defined by the formula cx(E)=x<-éE), where ~CE={%t; te E}
A special situation is described in the following proposition.
ProrosiTION 1. Let u,v,y: B(R')—» M be F-observables, f,g:R! = R* be
Borel measurable maps such that u=y°f~! v=yeg~™'. Then u+v=

=ye(f+9)~".
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Proof. The observables u, v have a joint observable, since u(Q)=

=y(f~' @)=y (@) and v(@)=y(g97" (@))=y (D). Put h=(f,g):R' — R By
Theorem 2 there is a o-homomorphism %:B(R?)— M such that

% (A X B)=u(A) Av(B)
for every A,B € B(R!). So by the assumption
%(AxB)=y(f~*(4) n g~ (B)=y(h~* (4 X B)).
This implies that
% (E)=y(h™* (E))
for every E € B(R?). Put @(x, y)=x+y. Then by the definition
u+v(E)=x(@ " (E)=y(h~ (@~ (E)=
=y (o)~ (B)=y((f+9)~* (E)

and Proposition 1 is proved.
Convergence
Let (x,), be a sequence of F-observables and x be such an F-observable,

that x, (¢)=x(¢) (so that x,, x has a joint observable) (n=1, 2, ....), m: M—
[0, 1] be an F-state. We say that x,—»x[m], if

(i

k=1n

w0

V =9 [~ 1)=0

for every £>0.
It is not difficult to see that a sequence (§,), of random variables converges
to a random variable & almost everywhere if and only if

Nop@ —8) 7' ([—s, €1))=0
for every £>0. The following proposition is a simple aplication of this
remarque.

PROPOSITION 2. Let (x,), be a sequence of observables such that x,=ye°f;"*,
x=y°f~! wheref,,f: R'— R* are Borel measurable functions. Then x,—x [m]
if f,—f m -almost everywhere, where m,(E)=m(y(E)).

Proof. Since x,(Q)=y(@)=x(0), the difference x,—x is well defined.
Then by Proposition 1

m(/\ \/ X =2 ([ —¢, e]N=m(AV y°(Li=N"" (=, €)=

k=1 n=

=my (U= ""[—5 &) )))=my(ﬂ U (=N ~¢ €1)).

k=1n=k
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Ergodic theorem

For to formulate the ergodic theorem we need the following definitions.
An F-observable x is said to be integrable, if there exists the integral

m(x)= [ t dm, (1),
Rl

where m: B(RY)-[0, 1], m.(E)=m(x(E)).

Let y: B(RY))»>M be an F-observable, T is called y-measurable if
T(y(B(RY)) <=y (B(RY). If m(t(f)) =m(f) for every fe M, then 7 is called an
invariant o-homomorphism (in a state m).

THEOREM 3. Let y be an F-observable, ©: M—M a y-measurable,
invariant (in a state m) c-homomorphism. Let x be an integrable F-observable
such that x(B(R!))<y(B(R'), T(x(@))=x(0). Then there exists and
F-observable x* such that

1. x* is integrable, m(x*)=m(x).

T X = 0C

1 nel

3. = ¥ txox*[m].

ni=o

Proof. If we put z=x in Theorem 1, then we obtain by the
inclusion x(B(R')<y(B(R')) that there is a Borel measurable mapping
f: R*>R*! such that

x(E)=y(~ (E) (1)

for every E € B(R'). Putting z=y we obtain by the y-measurability of T that
there is a Borel measurable mapping T* R'—R' such that

T(y(E)=y(T~*(E) - @)
for every E € B(R!). By (1) and (2) we obtain
TxEN=1(y(fHEN=y(T (/" EN=y(f. T)" ' (E)
and similarly
T (x(E)=y(f. )" (E)). €))

Consider now the probability space (R*, B(R"), m,) and the random variable f:
R'-R!'. By the integral transformation formula

fgdpef~'= [ gofdp
A Jo1(4)

and (1) we obtain
m(x)= [tdm,(t)= [tdm,of "' ()= [ fdm,. 4)
R! R! R!
It follows that fis m -integrable. By the individual ergodic theorem (e.g. [11])
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there is an integrable random variable f* such that
If*dmy= jfdmy’
R R?
TRali

Fo=tm Y 1T m—ae
n i=o

n-* o

Put x*=ye(f*)"1. Then by (4) and (5)
mx)= [ fdm,= [ f*dm,= | tdm (f*)"'= [ tdm, =m(x*).
Rl Rl Rl

R!
Further by (2) and (6)
T E)=(y(*) " E))=y(T~* (M) ' (E)=
=y((*= 1) (E)=y((*)~" (E))=x*(E).
We have to prove an analogue of (7). First by (3)
T (x (@) =y (D), Hi=0, 15

hence by Theorem 2 we can produce

If we put
1 n—1
Sn:’"_ Z f° Tl’
ni=o
then by (3) and Proposition 1
X, myo St
Now (8), (7) and Proposition 2 give

X,=y o (f*) ™ =x*[m].
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