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„COMPUTING THE REFLECTIVE TRANSITIVE CLOSU- 
RE OF A FUZZY GRAPH: APPLICATIONS TO FUZZY 

RULE-BASED SYSTEM INTERPRETERS 

KOSTADIN KRATCHANOYV, IVAN STANEV 

1. Introduction 

The vast majority of today's knowledge-based systems are rule-based 
systems (RBS's). The development of their mathematical foundations is 
important and useful from both theoretical and practical point of view. An 
approach to grounding RPS's has been carried out in [1]-[6] et al. 

On the other hand, some initial steps towards „fuzzification” of the 
mathematical notion of a RBS have also been made [7]-[9] thus contributing 
to the efforts of grounding and investigating the fuzzy RBS's. Some sort of 
fuzzy reasoning is included, in particular, in many commercial expert systems. 

The one-step behaviour of a fuzzy RBS is a homogeneous (ie. with 
coinciding source and target sets) fuzzy relation which is itself a composition of 
component fuzzy relations (or ordinary functions). The basic part of the (full, 
many-step) behaviour of the system is the reflective transitive closure (RTC) of 
the one-step behaviour. 

In this report we investigate systematically, on a general level, non-recursive 
backtracking algorithms for computing such closure. This results in a met- 
hodology which can be used whenever developing universal or specialized RBS 
interpreters of any sort. Meanwhile we have to introduce a new mathematical 
notion — the RTC of a fuzzy graph. The backtracking algorithms we study are 
extentions of the traditional ones in the sense that they consider: 

— relations which are fuzzy; 
— relations which themselves are compositions of relations; 
— relations with transit poles [10], [11]. 
The methodology has been used when designing the fuzzy interpreters 

algorithms of [8], as well as when drowing the very special algorithm of the 
interpreter for fuzzy robot control programs considered at the end of this 
report. The methodology comprises, of course, the case of non-fuzzy RBS 
interpreters (e.g. [3]-[6]). Questions parallel to those considered here (but for 
crisp relations only) have been discussed in [12]. Some inaccurances in the 
algorithms of [12] have been removed. 
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2. Preliminaries 

The terminology and notations follow [5], [7], [8], [11], [13]. Some 
important preliminary notions are included in this sections. 

A fuzzy relation from a set X to a set Y, r:X—Y, is a function 
r:X xY>V, where V, is its valuation set. The fuzzy relation is homogeneous 
if X=Y. The composition s. r: X—Z of fuzzy relations r: X>Y and 
s: Y>Z is given by 

<x, 2)> © r(x, y)Ds(y,2) 
yeY 

where the operations P and [] form a super-semiring [13]. In all the examples 
we use Zadeh's classical fuzzy logic in which V,=[0, 1] for any r, D=max, 
[] =min. The pseudo-product, rxs: X; xX,+Y; XY,, of two fuzzy relations 
T:X,>Y, and s:X,—Y, is determined by 

TXS: KXq,X2,Yq> V2D>>(X1,Y1) ©) S(X2,72). 

A fuzzy subset X of a set X is a function X: X > W. It can be equivalently 
considered as one of the fuzzy relations 

X0:1—X: (0, xX>X (X); (W 
X%8:x—1: (x, 0OXRX(x); ©) 

X(x),if x=x, 
0, otherwise. G) 

X0:x-1:0)- | 

Evidently a fuzzy relation X > Y is a fuzzy subset of X XY, and vice versa. 
A fuzzy graph is an ordered quadruple G=XN, A,S, t): where N is a set 

(of nodes), A is a fuzzy set (of arrows), s and t are mappings A > N determining 
the source and the target of each arrow respectively. Let Vbe the valuation set 
of the fuzzy set A. If the valuation degree of an arrow a in A is v e V then 
graphically we shall denote it 

ORORLAIORE provided s(a)=n, and t(a)=n,. Arrows whose valuation degrees are not 
greater than a fixed threshold th e V will not be included into the graphical 
representation of the graph. A fuzzy graph will be called simple iff 

(Va,a'€A4)s(a)=s(a') £ t(aj=t(a) > a=a'. 

Any homogeneous fuzzy relation r: Y > Y can be considered as a simple 
fuzzy graph G,= CY, Y?, s, ty with s(y;, ya)=y; and t(y;, y;)=)>. Conver- 
sely, each simple fuzzy graph G=<N,A,s,t» determines a homogeneous 
fuzzy relation rą on N with 

Tą, Na)=v+(1 a€EA)s(a)=n, £ t(aj=n, « A(a)=v. 
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For the sake of simplicity we shall not distinguish between a homogeneous 
fuzzy relation, its corresponding simple graph, and the graphical representation 
of this graph. In this context a homogeneous fuzzy relation is a special case of 
a fuzzy graph. 

Examples of homogeneous fuzzy relations are shown in Fig. 5a. (They 
correspond to simple fuzzy graphs.) Examples of fuzzy graphs are included 
in Fig. 5b. 

A fuzzy graph G=<N, A, s, ty will be called adjusted if two fuzzy subsets, 
N, and N,, on N have been fixed. A node n € N is named initial, respectively 
final with valuation v iff N;(n) =v, respectively N,(n)=ov. In the terminology of 
fuzzy relations N;, and N, are conveniently represented by N/”:1—N, 
respectively N$): N— 1. Sometimes, however, more convenient is the re- 
presentation 

N-% N-> N-"5N. 
A triple of fuzzy relations, 

EPT HY, 
will be called an adjusted homogeneous fuzzy relation. 

A fuzzy action on X is a fuzzy relation X — X. A fuzzy condition (predicate) 
on X is a fuzzy subset of X. A fuzzy rule is an ordered pair, [ A, C], of a fuzzy 
subset of fuzzy actions and a fuzzy subset of fuzzy conditions. 

A RBS is a universal computation model and has the general structure 
shown in Fig. 1. In contrast to the usual approach, the control unit 
in our RBS's is most powerful — it is a fuzzy recursive transition network 
or, as we call it, a recursive fuzzy automat. It can be represented (e.g. 
[8]) by an ordinary fuzzy 

CONTROL OPERATIONAUL |Sas ze.ua KyRZYW NAC 28 
R x | —— 

UNIT UNIT udaj | DA Y INTERPRETER : 

Fig. 1 

automaton but with an infinite state set Z=S x Twith T=S* playing the role 
of a stack. By D we denote the state set of the operational unit. R is a set of 
fuzzy rules on D. « and B are simple „coding” relations showing the 
interpretation of the data (these relations are not „computed” by the model). If 
b: DxZ—DxZ is the one-step behaviour of the system then the (many-step, 
overall) behaviour is by definition the composition of Fig. 2. Here Z, and Z, 

a 1pxZ,= b* 1pxZ,= B 
X—D=Dx1—— DxZ—DxZ ————Dx1=D*Y 

(D xZ), (DxZ), 

„zosia AW 1 OM] 
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correspond to (1) and (2) and define two subsets of Z of initial and final states 
respectively. The essential part of the behaviour is B' and we shall consider only 
it hereafter. It is some sort (to be introduced later) of RTC of b. 

Considering the one-step behaviour b, different equivalent representations 
can be deduced. Two of them are shown for example in Fig. 3a and Fig. 4a 
respectively. The first one corresponds to forward execution of rules with 
preconditions, with matching as first phase. The second one illustrates forward 
execution of rules with pre- or postconditions, with macroselection as first 
phase. Fig. 3b and Fig. 4b show the same composition considering the 
pseudo-products as fuzzy relations with transit poles [10], [11]. 

Now we are ready to explore the RTC's in more detail and generality. 
1 5 

4 Z = > Z ZZ 4 
/4 — x A 

Z —->R 

3 ię x AR RPA, Ą 
DEZO 22 RB R 

D 4x MaLĆ pb, D 

D Ib — 
Matching | Activation | Macroselection |Intersection |Projection | Execu- |Transition of 

of action | tion control 

a) 
RAM, prz! AM 

YAABY zeza PARACWAY zn) PARA A10090) — ZXRXRXxD — 
. . Z, D ż . Z, D p . - - Z, R, D - . - 4 

r 5 o ZxRxD -F4— ZxAxD —> ZxD —> ZxD 
ZYRY DRAŻ DUZO ZZ b) 

Fig. 3 

1 8, 
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x 0— D — — D 
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D > —>D 
| Macroselection | Projection | Execution | Transition of control | 

a) 
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CZD WKCZYDŹ | WTZ AD, b) 
Fig. 4 
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3. The refilective transitive closure of a fuzzy relation or a fuzzy graph and its 
computation 

Let r: Y > Y be an arbitrary homogeneous fuzzy relation. Its RTC, 
r*: Y »Y is defined as A 

I"=©Qr", 
n=0 

where r”=lId,, and for n>0, r"*'=r*r". If (o;/i € I) is a family of fuzzy 
relations Y+ Y then by © oe, we mean the fuzzy relation Y > Y defined by 

iel 

<y,Y>HOPQV(Vv, Y). 
iel 

A discussion what an identity fuzzy relation Id, is can be found in [13]. 
The RTC, r*, of a homogeneous fuzzy relation, r, has been constructed 

in Fig. 5a. 

6) 
gy Fig. 5 
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A generalized algorithm for computing the RTC of a fuzzy relation 
r: Y— Yis shown in Fig. 6. Here G is a fuzzy set of paths in the graph ofr. G is 
actually a fuzzy graph. The initial value of G contains exactly the paths of 
length 0, each path with valuation 1, Le. this initial value is isomorphic to the 
set of nodes Y. At each step of the algorithm the following two actions are 
performed. Firstly, G is being „expanded” — each path of the former G is 
replaced by set of its successors, i.e. compositions of this path with an arrow of 
the graph r. The process of composing includes, of course, the calculation of the 
valuation degree of the composition arrow using the formula v,=v;[]v> where 
p, and v, are the degrees of the arrows being composed. Secondly, G is being 
„clamped” i.e. each class of parallel arrows in G is replaced by one arrow — their 
„sum”. The sum arrow has a valuation degree obtained through the operation 
© on the degrees of all the arrows in the class. 

Soć :*Soł ub 

Soł:=GC(Soć) 

Fig. 6 

In this way we shall have r” before the first cycle, r! after it, r? after the 
second one, ano so on. When the „expansion” is not possible any more, we 
have to complete the algorithm with a final „global clamping” of all graphs. To 
be able to do this we must store the graphs obtained at the different cycles, in 
a set Sol of solutions. 

Fig. 5a can be considered as an illustration of this algorithm. Here r' 
corresponds to G by the end of the i-th cycle. 

Clearly, the algorithm does not necessarily terminate. For example, if we 
add an arrow 0—0Q to r of Fig. 5 the algorithm will not terminate. 

Roughly speaking, a path from y; to y,, obtained using the algorithm of 
Fig. 6, gives the overall evaluation, v, which the RTC assigns to the pair 
CY: » Va) 01, in other words, the evaluation of Cy; , ya) being in the RTC. Said 
in yet another way, it is the evaluation of arriving in y, starting from y, and 
using all possible paths. Very often, however, we are interested not just which 
nodes are reachable from y, but which the possible paths are. Hence we do not 

such 

with | 

TŁ 
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want to clamp the nodes as in the algorithm of Fig. 6. The algorithm takes the 
form shown in Fig. 7. An element in the final value of G corresponds now to 
one particular path giving also its valuation. For the example of Fig. 5a r* will 
take form shown in Fig. 5b. 

The graph obtained through this modified algorithm will be called the RTC 
of the graph corresponding to the initial fuzzy relation. We have to notice that 
it is not simple. If we perform global clamping to a RTC of a simple graph we 
obtain the RTC of the fuzzy relation corresponding to this graph. 

Fig. 7 

Obviously the algorithm of Fig. 7 fits also the case when instead of r we 
have a graph which is not necessarily simple. So the flowchart of Fig. 7 is in fact 
an algorithm for „computing” the RTC of a fuzzy graph. To be more precise, 
let us introduce the formal definition of this notion. If qr =ĆN, Ay, Sy, t,> and 
Tr =4N, Aa, Są, tą) are two fuzzy graphs with coinciding sets of nodes then 
their composition, ra or , is a fuzzy graph ŚN, A, s, t) where to every pair of 
arrows a, € A; and a, € Az, 

a1 :V1 2:0 
Niyozosza a 0 UŻY 

such that t;(a,)=s;(a,) an arrow a; „ is assigned in 4, 

Ny M1,2:0V1,2) Ną 

with »v;'ą=v;[]vz. Now we define r"=lIdy,r"*'=ror" and 
00 

r*m=_||'r. 
n=0 

The „nonintersecting union” G of two fuzzy graphs G, and G, is another 
one with the same node set and A=4; ILA;, ie. there is an arrow in 4 for 
every arrow in A, or A, keeping the valuation degree unchanged. 
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The RTC's of fuzzy graphs are more important for us than the RTC's 
of homogeneous fuzzy relations because of our orientation to fuzzy RBS 
interpreters. That is why we continue our consideration for the former 
case only. 

4. RTC of an adjusted fuzzy graph 

More interesting for our purposes is a notion which we shall name RTC of 
an adjusted fuzzy graph (cf. Fig. 2). In programming this problem is known as 
searching in, or traversing a graph. Let the fuzzy graph has node set Y and 
X and Z are its initial, respectively final fuzzy subsets. The generalized 
algorithm is shown in Fig. 8. G()] Z denotes the composition of G with 
Z considered as the graph of ZÓ). 

The solution set Sol corresponds to a composition of the form 
(3) (3) 

WEGE>WYRZERYJESZZRYA 

The former, however, carries much more information. 

ot: =5ot uU(G MZ) 

bezect an_etlement af GA z) 

Fig. 8 Fig. 9 

The RTC of a fuzzy graph (Fig. 6) is a special case of the RTC of an 
adjusted fuzzy graph (Fig. 8) if we choose X =Z=Idy. 
If we are looking for only one solution path then the algorithm of 
Fig. 9 should be used. 

5. Backtracking 

The algorithms of Fig. 6-9 cannot be executed on a conventional sequential 
computer. These intrinsically parallel computations must be simulated. As is 
well-known, there are two approaches to this simulation — constructing 

a solu 
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a solution graph (search graph), and backtracking. Hereafter we shall discuss 
backtracking strategies only. The main advantage of this approach is the 
weaker memory requirements. Moreover, in contrast to the usually developed 
algorithms, ours are nor recursive. We consider here blind search only. 

Now we shall move away from the generalized parallel algorithms and 
consider a sequential analogue to the algorithm of Fig. 8. It is depicted in Fig. 
10. For the sake of simplicity X and Z are supposed to be crisp sets. 

p sg OPR IKC WO ROR 0 IR AC WOK O N 

. - | 
| 

—1 h >, | 
ZE I £Ena)|! (4)27 %:=Reaa (IR) | 

8 - | | 7Rietaćć (TR; | 
/ ą ; I [zrrconc(3 TP | I LU2:- taćć (TP) | 

| Y:*Vx; i | | | 

v LeszUłceę V>j] / | (2) | 
N I A I | N 7 o jak add pam pm pana) 0 „a Ak me ma 0 IT < 

ROLE 

TR:=conc (4,TR) 
TP:=conc (x, TP) 

(©) 

Fig. 10 

TR is a stack of „reserves”. Formally it is considered as a list. TP is a stack of 
nodes. At a moment when a current node x occurs to be final then the 
concatenation of the contents of TP and x is a successful path which has to be 
fixed as a solution in L. When executing X : =r(x) the valuation of every element 
of X is to be computed as well, using the valuation of x. It may be convenient if 
X is ordered with respect to the valuations of its elements, with this order being 
used during the selection x e X. X isstored into the stack TR asa fuzzy set, too. 

We found it more convenient instead of determining Z and realizing the test 
x€Z to modify the graph such that the final nodes are replaced by usual 
nodes and special ,, final” arrows: 

n > 

The implementation of r(x) is also modified: the effect of part (1) (the test 
for success) of Fig. 10 is now performed by r when searching for the successors 
of n. Hereafter we shall omit tests for success in our algorithms. 

If the test X =f for the initial value of X is not needed in the context of 
a particular application then part (2) can be moved to point in the algorithm. 
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6. The case of composite fuzzy relation 

Very often in our applications the fuzzy relation r: Y > Y is itself a com- 
position of component fuzzy relations: 

Y> Y, > >" Vi ŻY. (4) 

The idea behind the backtracking strategy remains the same. There 
are difficulties, however, connected with the eventually different types of 
the elements of Y, Yy, Yz,..., Yp-1 and different relation r; ,rą,...,r,. An 
algorithm is Fig. 11. The elements of the stack TR have n different 
fields. Field f, corresponds to the type of the elements of Y;. Two pointers 
control the access to the stack — p points the current element, and 
i — the current 

XCY, Mysl Wxę € Xo 
Lsż 

<> 

4 64; 

4 -1x 
i ; 

4,3: 4 tx] 

TR[P] 4 :* Xi 

> 

4:*0; 

pr pol UJ l 
TP:=tait (TR) 

Fig. 11 

field in the element. It is supposed that when expressing a successful path we 
are interested in the elements of Y only — so the stack TP includes only elements 
of level 0. By TR [p]*/, the field f; of the element with pointer p of the stack TR 
is denoted. 

The algorithm of Fig. 11 can be used as a basis for the implementation of 
a universal program for obtaining the RTC of a fuzzy graph for any 
composition (4). For each particular case one has to define the number of levels 
n, the type of x, (X,, TR and TP will be automatically known) and the 
procedure r, for each i, O£i<n—1. 
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For any particular case, however, it would be probably more effective to 
develop a particular algorithm using the ideology underlying Fig. 11. The 
„particularity” concerns the number of levels and the kind of the relations. Fig. 
12 exposes an algorithm for the case n=3. 

|7PO:*VIL; TRU:*MIL; TRZENIL; TP:eNIL | 
ji 
z 

CO 

Xą € Moi CY, 

Aq:* Xo * IXo] Ena 
42:* head (TRZ) 

| TQ: : Cone TR, TRD] TRZ:= tatt (TRZ) 
TP:*con€ (4,1) I 

<> 
X4'"heaa (TRO) 

NEA T „J' TRO:* Łaćł (TRO) 
TA | af) TDi tait (TP) 

| 
TRti*conc(X(, TRI) 

(2 

4, E X * 4,'*heaa (TRI) 
A: * dz lx] TRl:=tait (TRI) 

ł 
[ 782:=conc(X4, TRZY] 

[I 
Xo:* ry (X4)__] 

Fig. 12 

Avery important particular kind of fuzzy relations is the case when r, for 
some indexes ire partial functions. The algorithms of Fig. 13 and Fig. 14 are 
related to this case. 

In Fig. 12 the failure at a level returns the process to the previous 
level. Stack TP corresponds to level 0. An exit is possible from level 
0 only. 

Consider now the case when r, for each i € I' is a partial map. Taking this 
into consideration we can simplify the algorithm making it more effective 
(faster and requiring less memory). A modified universal algorithm is shown in 
Fig. 13. (cf. Fig. 11). Here e is a flag. Its value is true if X,=O or r,(x,-4) is 
undefined (not completed successfully). It is admitted that e is formed 
automatically by each r;. 
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ło TY, Wy" Vo € 4 
pwłGGłe Oi 

- „form (€) 
: T 

XLEA 
X: = X, - lag] 

1 
[REL] 

X: =TR[P].% 
form (e) 

ZAK) kezacy EE An-1)] I zw 

Fig. 13 

When r, is a function then no selection and no stack are needed. Such 
a level is missed when backtracking, too. The valuations of x;_, and x, 
coincide. 

These conclusions can be used when writing down the argorithm for 
a concrete case as well. An analogue to the algorithm of Fig. 12 is 
shown in Fig. 14 supposing r. is a partial function. The only step aside 
from the general algorithm is that here we prefer the test of e to be 
at the very end instead from being at the very beginning because we 
suppose e is always true for the initial xq. 

7. The case of fuzzy relations with transit poles 

Examining Fig. 3 and Fig. 4 we see that as a rule the one-step behaviour 
of a RBS consists of component fuzzy relations with transit poles. Consider, for 
example, the phase macroselection of Fig. 4. The corresponding fuzzy relation 
is 1,xA,X1,. The usage of the concept of a fuzzy relation with transit poles 
gives us the opportunity of considering A, only instead of the whole 
pseudoproduct. We have only to slightly modify the algorithms storing in the 
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4EY, X"l 
|TesMIL; TR2EWIL; TP:=NIL | 

| 

TP:*conc (44, TP) 

4,:*f (X9 

4:0 ! 
X EŃ; TP:=tait (TP) 

A= 4, 7 ła) 

TRf:= CONc|(A,,TRI) 

| Xa:"tz(%) |] 
zz 

| 
4,:*heaa (TR1) 

TRI:= taćć (TRY) 

X: =head (TR2) 
TR2:.taćć (TR2) 

l 

Fig. 14 
stack not only a subset of R of reserves but the elements corresponding to the 
transit poles as well. For our example we have to store z € Z selected before 
Ac, and the current state d e D of the data (the transit poles are Z and D). 

In principle, instead of using a stack for storing some X;,, it is possible to 
avoid this by performing inverse actions when backtracking (the usage of stack 
requires memory and time). This approach has been widely used in our 
universal crisp interpreters (e.g. [4]-[6]). Applying this method for a fuzzy 
relation with transit poles we deduce that the values corresponding to the 
transit poles do not have to be restored from a stack or by inverse execution 
since the action on them is an identity. In fact, if we have the situation 

AxY-; " AxY, Ta AXYją AŻ 95 x 
If r, and r,4, are fuzzy relations then we do not need to store A on the levels 
i—1 and i at all. If, however, r,ą, is a function there will be no stack on level 
i+ 1 and we backtrack from level i+ 2 to level i directly. The element of A has 
been meanwhile changed by r,,. Hence in this case A has to be included into 
the stack of level i (it is not needed for level i—1). 
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8. Simple example : compiling fuzzy robot control programs 

A system for fuzzy natural language robot control is described in [6], [14]. 
The job for the robot motion is keyed in Bulgarian. The text includes fuzzy 
notions, for instance „about 10 meters”. The job is transformed into a formal 
fuzzy program in a formal fuzzy language. Then a fuzzy compiler tries to find 
a path on a map corresponding to the job. The output of the fuzzy compiler is 
a deterministic program corresponding to a definite degree to the fuzzy one, 
and conformable to the map. A machine program can be generated implemen- 
ting the deterministic program. 

In the versions of the system reported in [6], [14], a comparatively 
complicated conventional program has been used to realize the fuzzy compiler. 
One can notice, however, that the fuzzy program can be regarded as 
a degenerated control net, and the fuzzy instructions — as rules consisting of 
single actions only. So the methodology raised above can be used to obtain 
a simple and effective specialized interpreter. 

The interpreter is based on Fig. 4. For the case under consideration all Ag, 
pr, and 0, are total functions, and only 65 is a fuzzy relation. 

TR:*NIL ; TP:=*NIL 
Sisł; v::/ 

| a:-text(s) | 
1 

| 7P:- conc (a, TP] 

Dę:=a(a) 
i 

<> 
d:=max (Do); 

Di= D, - laj 

TRi*CONC (Dg, TR 

Sia 5+/ 
D,:= head (TR); 
TR:=taić (TR); 

Si=S-1; 

TPi=taie (TP) 
l 

Fig. 15 

The corresponding algorithm is shown in Fig. 15. On the phase of selection 
an element of D, is chosen with a maximal valuation degree (an element of Dy 
is a complex of coordinates, direction and current valuation). Value true of flag 

[11] Ic 
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„onesol” means we are looking for one solution only. We take into con- 
sideration the fact that fuzzy program is linear, so instead of pulling the 
number, s, of the instruction from the stack TR during backtracking (cf. section 
7) we reconstruct it by executing s: =s— 1. 
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