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ON THE EXTENSION OF QUANTUM LOGIC STATES 

FERDINAND CHOVANEC, FRANTISEK KÓPKA 

A usual mathematical model for the quantum statistical mechanics is the 
quantum logic theory, i.e. the theory of orthomodular lattices ([5], [6]). 

A state m on an orthomodular a-complete lattice L(v, a,.L,0,1) is 
a mapping m: L>[0, 1] ([O, 1] is the unit interval in the real line) satisfying the 
following two conditions: 

1. m(1)=1 

2. if a,<aj (isćj), then m(Y a)= )) m(a,.. 
i=1 i=1 

A. Dvurećenskij and B. Riećan' pointed out ([1], [2]) that the same 
algebraic structure has the Piasecki P — measure ([3], [4]) and they introduced 
a new model for the statistical quantum mechanics. The Piasecki measure m: 
M—>r[0, 1] is defined on an appropriate set of real functions Mc[0, 1]* and 
satisfies the following two conditions: 

1. m(fvf*)=1 for every fEM, 

2. if f,<fi (iźj), then m(V, D=> mt. 
Of course, here f"=1—f. 

In the present paper we work with the mapping m: A—[0, 1] where 
A belongs to a class of lattices and in this way we obtain a common 
generalization of a state on a quantum logic as well as the Piasecki measure. 
The main result is a measure extension theorem. Special cases of our extension 
theorem is theorem on extension of states on logics [5] and the theorem on 
extension of the Piasecki measure [4]. 

Some definitions and notations. 
We shal assume that a lattice H is given, satisfying the following conditions. 

Let H be a o-continuous lattice with O and 1. Let L:H—>H be a mapping 
satisfying conditions: 

1.1. (x"')"=x for every x€H, 
1.2. if x£y, then y'<x". 

Let A be a sublattice of the lattice H such that 
2.1. if a,beA, then avbeA, 
2.2. if aeA, then a"€A, 
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2.3. for every xeH there is sequence (a,);-,, a, EA (n=l, 2,...), such that 
o 

xś<Va,. 
n=l 
There is given a mapping m: A—[0, 1] satisfying the following conditions: 
3.1. m(ava')=l for every a€A, 

3.2. ifa,eA (i=1, 2, ...), a,śaj (i£j, V a,e4,thenm(Y a)= Y; m(a,), 
i=1 i=1 I=1 

3.3. m is a strong continuous mapping (i.e. if a, wa, b,>b, a,,b,EA, 
a<b, a,beH, then m(a, ab?) x0), 

3.4. m is a valuation (i.e. m(avb)+m(a ab) =m(a)+m(b)). 
It is easy to prove that m has the following properties: 

4.1. m(a)+m(a")=1 for every aeA, 
4.2. if a,beA, aSb, then m(b)=m(a) +m(b A a*), 
4.3. m is non — decreasing, 
4.4. m is upper continuous (Le. if b, »b, b,,beA, then m(b,) *m(b)), 
4.5. m is subaditive. 
We want to extend the map m on the smolest o-complete lattice S(4), 

generated by the sublattice A. Our extension will be made in the standard way. 
Let A*=fbeH;4 b,>b,b,eA) and m*: A* —[O, 1], m* (b)= lim m(b,). 
Moreover definition of m* is correct, due to the following assertion. 
LEMMA 1. Let a,b,eA (n=l, 2,..), a,”a, b,»b, aśb. Then 

lim m(a,)< lim m (b„). 
n* © n> © 

Proof. Evidently a,ab, sa,ab=a, (k—co), hence 

m(a,)= lim m(a, ab,) £ lim m(b,) 
k>«0 k>«0 

and therefore 
lim m(a,) < lim m(b,). 

n>© k> o 

It is not dificult to prove that m* is an extension of m, upper continuous, 
non — decreasing and m* is a valuation. 

Let us define m*:H—>([0Q, 1] in the following way: 

m* (x)=inffm* (b);beA*,bzx). 
It is easy to see, that m* is an axtension of m, m*; non — decrcasing; 
for every x,yeH m*(xvy)+m*(xAy)śm* (x)+m*(y) and therefore the map 
is subadditive. 

Similarly we can define A =(ceH: 4 c„4c,c,„€4), 
m :A >[0,1], m (c)= lim m(c,), 

m,:H—[0,1], m,(x)=supfm (c):ceA',cźx). 

The straightforvard consequence of the above mentioncd definitions of the 
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m ,m, are the following properties: m is an extension of m, a non 
— decreasing map and a valuation; m, is an extension of m”, a non — decreasing 
map, for every x,yeH 

m, (xvy)+m,(xAy)2zm,(x)+m, (5). 
The following theorem is the main assertion of this paper. 

THEOREM. Let H be a o-contiuous lattice with O and I, which satisfies the 
conditions 1.1. and 1.2. Let A be a sublattice of the lattice H which satisfies the 
conditions 2.1, 2.2, 2.3. Let m: A—[0, 1] be the map satisfing the conditions 3.1 
to 3.4. Let S(A) be the least o-complete sublattice of the lattice H generated by 
the sublattice A. Then there exists exactly one map m:S(A)+[0, 1] that is an 
extension of m and satisfies 3.1 and 3.2. Moreover m is a valuation and a strong 
contiunous map. 
Before the proving of the above mentioned theorem we shall introduce some 
helpful lemmas. 

Let us construct the sct L=fxeH:m, (x)=m*(x)). The main idca lies in 
proving L>S(A) and in the fact that m*/S(A) is the searched extension. 

LEMMA 2. Let beA*, then b eA” and m* (b)+m" (b*')=l. 

Proff. Let b,»b, b,eA, then b'<b;, b'< Abi=c. Since cSbź, 
n=l 

b,śc', we obtain b= y b,śc”, c<b'. Then c=b' and b'eA'. By 4.1 we 
n=l 

have m(b,)+m (b1)=1. Taking n >c we obtain lim m(b,)+ lim m(bi)= 1, i.e. 

m* (b)+m" (b*)=l1. 
PROPOSITION 1. If xeH, then m, (x) śm* (x). 
Proof. Let xeH, aeA , beA*, a<śx<Sb. Then 

m(b,v ai)=m((bi A u,)*')=1—m(b; naa,). 

By strong contiunous and subaditive m we have 

1=lim m(b,va;)< lim m(b,)+ lim m(aż)=m*(b)+m*(a"). 
n>c© n+ o | kad" *) 

Hence 1—-m* (a')=m' (a) Sm* (b). Then m, (x)Sm* (x), too. 
PROPOSITION 2. Let x,„yEL, y<x. Then m*(x)=m*(y)+m* (x A y*). 
Proof. 1. LetaeA, beA*, a<Sb. Then m* (b)=m(a)+m* (b Aa"). 

Since a,»b, a,na' Zbaa', we obtain 
m* (b)=m(a)+m* (b aa"). 

2. Let bbdeA*, d<b. Then m* (b)zę* (6)+€Ę*(8A0*). 
Indecd, d, *d, d,e A and 1. imply 

m* (b) =m(d.) +m* (b adi)2m(d,)+ m* (b A d*), 
wich gives 

m* (b)zm* (d)+m* (b nd"). 
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3. Let beA?, ceA, c<b. Then m*(b)zm (c)+m*(baAc?*). Take 
c„e4, c„yc. Since bac„eA*, bac,<b we have by 2. 

m*(b)zm*(b ac,)-+m* (b A (b a c„)”')zm* (b ac,)+m*(b act)= 

=m*(b Ac,)+m*(b Acz). 

Taking noo we obtain 

m*(b)z lim m*(b ac,)+ lim m*(baci)zm (c)+m*(b A c?). 

4. Let xeL, ceA, c<x. Then m*(x)zm (c)+m*(x Ac”). 

Namely, if be A*, b2x, then 

m*(b)zm' (c)+m*(b ac"')zm (c)+m* (x Ac"), 

hence 

m* (x)zm (c)+ *(x ac”), too. 

5. Finally we prove the assertion stated in Proposition. Let 
x,yEL, y<x. Take ceA , c<y. By 4. we have 

m*(x) zm (c)+m* (x A c')zm (c)+m* (x Ay*), 
hence 

m* (x)—m* (x Ay")zm (0). 

Therefore m* (x) —m* (x Ay*)zm, (y)=m* (y). 
We obtain the opposite inequality in the following way. LetceA', c<x 

and beA*, bzy. Then b*'eA”, b'aceA'. It is valid that 

1=m (b" ac)+m*(bvc')śm (b" ac)+m'*(b)+m *(c"). 
Then 

m (c)=1-m*(c')<m (b* ac)+m*(b)<m, (xa y")+m'" (b). 
Next 

m, (x) £m, (x A y')+m*(y) śm* (x Ay')-+m* (y). 
Because x € L we obtain m*(x) £m* (y)+m* (xA y”). 

LEMMA 3. Let x e L. Then m*(x)+m*(x")=l. 
Proof. Take ae A*, ażx*. Then a" e A”, a" <x. From the inequality 

m, (x)zm” (a*)=1—m*(a) it follows m*(x)+m*(a)21 for every ae€A*, 
ażx* and then m* (x)+m*(x')21.Letce A”, c<x.Thenc'zx",c' eA* 
and 

1=m (c)+m*(c')żm (c)+m* (x*), 
hence 

12m, (x)+m* (x) =m* (x)+m* (2x7). 
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PROPOSITION 3. Let x e L. Then x" € L. 
Proof. Take aeA*, ażx. Then a-eA, a'<x" and then 

m (a')<m,(x"), i. e. 1—m*(ajźm,(x*), 1<m'(a)+m,(x"). 
Because a is arbitrary element from A*, we have 

1 <m*(x)+m,(x"). 

On the other hand 

1=m* (x)+m* (x7) śm* (x) +m, (x”). 

The equality m,(x)=m* (x) implies m*(xc”)<m, (x), ie. x" E L. 
PROPOSITION 4. Let x, e L(n=l, 2,...), x„,7x (or x„wx resp.), x eH. 

Then xe L and m*(x)=lim m* (x). 
n+* co 

Proof. If x, € L, then for every £>0 exist b,e A*,b,zx, (n=l,2,...), 

that m* (c,)+>>m*(b,). Take PRZAWA Then u,e A”, 
i=1 

»)- 

u,” Vu,z /x,=x. The valuation m* implies 

m* (u) =m*(b, vb.) =m* (b,)+m* (b,)—m*(b, ab.) < 

<m*(b,)-m*(e,)-+m* (b;)<>-+4+m* x). 
By induction we prove m* (u) <m*0e,)-+5-+4+ ty: +: Next 

20) 0 

m* (x) <m*(V u,)= lim m* (u,)< lim m* (x,)+ 7. ji= 
n=l n> wo n>wo n=l 

= lim m*(x,)+e, Le. m*(x)£ lim m*(x,)' 
n+* o n+* o 

We obtain the oposite inequality from non — decreasing m*. Further 

m, (x)sm* (x) = lim m* (x)= lim m, (x) £m, (X), hence xeL. 

The second part of Proposition 4 (for non — increasing sequences) follows 
from Proposition 3. 

LEMMA 4. Let A be a sublattice of the lattice H wich follows the conditions 
2.1, 2.2, 2.3. Let S(A) be the least 0- complete sublattice of the lattice 
H generated by the sublattice A. Let M (A) be the least set over A closed under 
monotone sequences. Then S(4)=M (A). 

Proof. Since S(4A) is monotone set, it is M(4A)=S(A). Let x€A. 
Put G=fye M(A):xvyeM (A)). Evidently AGcG, G is monotone set, 
therefore M(A) cG. So, xvwyeM(A) for every ye M(4), x€EA. Take 
yeM(A) now and put K=lxeM(A):xvye M(A)). We have ACK, 
K is monotone set. 
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We get M(4)=K and so xvy e M(A)for every x, y e M(A). Similarly we 
can prove, that for every x, ye M(4A), xnayeM(4), too. Let N be a set 
N=lx€ M(4): x" € M(A)). We see that NC=M(4), ACN, N is monotone 
set, therefore M(A)EN. We have N=M(A) and so x" e M(A) for every 
xe M(A) ie. M(A) is a sublattice of the lattice H. Then S(A)CM(A). 

PROPOSITION 5. Let x, yeS(4), x<y'. Then m*(xvy)=m*(x)+m*(y). 
Proof. Since Lis a monotone set, it is M (4A)=S(A)cL. If x, ye S(A), 

x<y", then x"ay" e S(4) and by means of Proposition 2. we get 
m* (y”)=m* (x) +m* (y” A x7)=m* (x)-+ 1 —m*(y v x). 

Hence 

m* (xvy)=m*(x)+1—m*(y”)=m* (x) -+m* (y). 

Proof ot Theorem. 
1. Existence. Put m=m*/S(A). According to Proposition 5 and Lemma 

3 we have 

m(xvx')=m(x)+ńh(x"')=l for every x € S(A). 

According to Proposition 4 and 5 m is upper continuous and aditive. We shall 
prove, that ń is o-aditive. Let (x„)j-, be a sequence, x, e S(A4) (n=l,2,...) 
and x, are pairwise orthogonal (ie. x,<xj for isżj). 

Take a,= y X, a,ES(A) (n=l, 2,...). Then m(a,)= 3 m(x;). 
imi isf 

Evidently 

V a,= V (V x)= V x, e S(4), 
n=1 n=l i=1 i=l 

m(Y x)=Rm(YV a= lim ń(a)=lim ń(Y x)= 
i=1 n=l1 n=o n+ 0 i=1 

=lim )) ń(x)= 3) ń(x,). 
n-o i=l1 i=1 

For every x, ye S(A)CH the following inequalities hold 

m* (xvy)+m* (x Ay) śm*(x)-+m* (y) 
and 

m, (xvy)+m, (xAy)zm,(x)+m, (5). 

Since S(4A)CL, we can rewrite the last inequality as 

m* (c v y)+m* (ca y)zm*(x)-+m* (5), 
so that the mapping m=m*/S(A) is a valuation. 

Let x,wXx, Y,ZY, XV, ES(A) (n=l,2,..), xSy. Then x,yeS(A) 
and for every n:m(x,vyx)+m(x,Aya)=m(x,)+m(ya). _ Evidently 
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x,vyiuxvy" and lim ń(x,vya =m(xvy')=m(x)+m(y*). For n>co we 
n+* wo 

obtain equality 

lim 5 (x, v y2)+ lim (x, A y;)= (x) + (y*) 
and hence : "Ę 

lim (ń (x, A yi)=0. 

Uniqueness. Let m;,:5(A)>[0,1] be a map, m;,/A=m. Put 
G=fx € S(4):A(x)=m;(x)). Evidently ACG, G<=S(4), G is closed under 
limits of monotone sequences. Therefore G>M(A)=S(A) Then 
m/S (A)=m;/S (A). 
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